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On value sets of fractional ideals
E. M. N. de Guzma´n∗ A. Hefez†
Abstract The aim of this work is to study duality of fractional ideals with
respect to a fixed ideal and to investigate the relationship between value sets
of pairs of dual ideals in admissible rings, a class of rings that contains the
local rings of algebraic curves at singular points. We characterize canonical
ideals by means of a symmetry relation between lengths of certain quotients
of associated ideals to a pair of dual ideals. In particular, we extend the
symmetry among absolute and relative maximals in the sets of values of
pairs of dual fractional ideals to other kinds of maximal points. Our results
generalize and complement previous ones by other authors.
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ideals, value sets of fractional ideals.
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1 Introduction
Value sets or semigroups of rings of irreducible plane curves germs, called
plane branches, were studied by Zariski in [13] and their importance is due to
the fact that they constitute, over C, a complete set of discrete invariants for
their topological classification. From the work of Ape´ry [1], it follows that
this semigroup in the set N of natural numbers is in some sense symmetric.
Many years later, Kunz, in [9], motivated by a question asked by Zariski,
showed that a one dimensional noetherian domain, with some additional
technical conditions, is Gorenstein if and only if its semigroup of values is
symmetric.
For a germ of a singular plane curve with several branches over C, Waldi
in [12], based on the work [13] of Zariski, showed that also in this case the
topological type of the germ is characterized by the semigroup of values of
the local ring of the curve, this time, a semigroup of Nr, where r is the num-
ber of branches of the curve. Although not finitely generated, this semigroup
was shown by Garcia in [6], for r = 2, to be determined in a combinatorial
way by a finite set of points that he called maximal points. Garcia also
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showed that these maximal points of the semigroup of a plane curve have
a certain symmetry. These results were generalized later, for any value of
r, by Delgado in [4], where two kinds of maximal points were emphasized:
the relative and absolute maximals, showing that the relative maximals de-
termine the semigroup of values in an inductive and combinatorial way and
that the relative and absolute maximals determine each other, extending
Garcia’s symmetry. A short time later, Delgado, in [5], generalizing the
work of Kunz, introduced a concept of symmetry for value semigroups in
Nr and showed that this symmetry is equivalent to the Gorensteiness of the
ring of the curve.
In [3], D’Anna, generalizing the work of Ja¨ger, in [7], and of Campillo,
Delgado and Kiyek, in [2], extended the properties of value semigroups for
some class of one dimensional noetherian rings to value sets of their regular
fractional ideals and characterized a normalized canonical ideals of a given
ring in terms of a precisely described value set obtained from the value
semigroup of the ring.
Also, recently, Pol, in the work [10], extended Delgado’s result by show-
ing that the Gorensteiness of the ring of a singularity is equivalent to some
symmetry relation among sets of values of any dual pair of regular fractional
ideal, duality taken with respect to the ring itself, and also showed that in
this case one has a pairing between absolute and relative maximal points
of the value set of an ideal and that of its dual. In the work [8] (see also
[11]), the authors show that this symmetry relation among value sets of dual
pairs of ideals holds without any extra assumption on the ring, if one takes
duality with respect to a canonical ideal.
In this paper, we generalize the work [2] that characterizes the Goren-
steiness of an admissible ring in terms of lengths of certain quotients of
complementary ideals by establishing similar conditions, valid without the
Gorenstein assumption, for pairs of dual regular fractional ideals with re-
spect to any fixed fractional ideal. This will allow us to unify, generalize
and complement previous results in [10], [11] and [8] and get new symme-
try relations among other types of maximal points, other than absolute and
relative maximal points, in value sets of pairs of dual fractional ideals.
2 Admissible rings, fractional ideals and value sets
Following [8, Definition 3.5], a noetherian, Cohen-Macauley, one dimensional
local ring (R,M) is called admissible, if it is analytically reduced, residually
rational and #R/M ≥ r, where r is the number of valuation rings over R
of the total ring of fractions Q of R. In this context, all valuation rings are
discrete valuation rings (cf. [8, Theorem 3.1]).
This class of rings, without any special given name, was previously con-
sidered in [2] and in [3], generalizing the important family of local coordinate
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rings of reduced curves at a singular point.
Throughout this work we will assume that R is an admissible ring. We
denote by Z the set of integer and by I the set {1, . . . , r}. If v1, . . . , vr are
the valuations associated to the discrete valuation rings of Q over R, then
we have a value map v : Qreg → Zr, where Qreg is the set of regular elements
of Q, defined by h 7→ v(h) = (v1(h), . . . , vr(h)) (cf. [8, Definition 3.2]). We
will consider on Zr the natural partial order ≤ induced by the order of Z.
An R-submodule I of Q will be called a fractional ideal if there is a
regular element d in R such that d I ⊂ R. The ideal I will be said a regular
fractional ideal, if it contains a regular element of Q.
Examples of regular fractional ideals of R are R itself, the integral closure
R˜ of R in Q, any ideal of R or of R˜ that contains a regular element and the
ideals of the form
J : I = {x ∈ Q; xI ⊂ J },
where I and J are regular fractional ideals. In particular, the conductor
C = R : R˜, which is the largest common ideal of R and R˜, is a regular
fractional ideal. Notice that J : R = R for all fractional ideal J .
In the class of admissible rings one has that there is a natural isomor-
phism J : I ' HomR(I,J ) (cf. [8, Lemma 2.4]), for any fractional ideals
I and J . It is always true that I ⊆ J : (J : I). The fractional ideal J is
called a canonical ideal if the last inclusion is an equality for every fractional
ideal I. In our context, canonical ideals exist (cf. [3] or [8]); two canonical
ideals differ up to a multiplication by a unit in Q and a multiple by such a
unit of a canonical ideal is also a canonical ideal. The ring R will be called
Gorenstein if R itself is a canonical ideal.
We define the value set of a regular fractional ideal I of R as being
E(I) = v(Ireg) ⊂ Zr.
The value set E(R) of R is a subsemigroup of Nr, called the semigroup
of values of R. The value set E(I) of a fractional ideal I is not necessarily
closed under addition, but it is such that E(R)+E(I) ⊂ E(I). For this rea-
son E(I) is called a semigroup ideal of the semigroup E(R). More generally,
one has
E(I) + E(J : I) ⊂ E(J ). (1)
A value set E of a regular fractional ideal has the following fundamental
properties (cf. [8, Proposition 3.9]):
E0: There are α ∈ Zr and β ∈ Nr such that β + Nr ⊂ E ⊂ α+ Nr;
E1: If α = (α1, . . . , αr) and β = (β1, . . . , βr) belong to E, then
min(α, β) = (min(α1, β1), . . . ,min(αr, βr)) ∈ E;
E3: If α = (α1, . . . , αr), β = (β1, . . . , βr) belong to E, α 6= β and αi = βi
for some i ∈ {1, . . . , r}, then there exists γ ∈ E such that γi > αi = βi and
γj ≥ min{αj , βj} for each j 6= i, with equality holding if αj 6= βj .
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Given a semigroup S of Zr and a subset E of Zr, with S + E ⊂ E and
such that S and E have the above properties E0, E1 and E2, then we call
S a good semigroup and E a good semigroup ideal of S.
So, if S = E(R) and E = E(I), where I is a regular fractional ideal,
then E a good semigroup ideal of S.
For a good semigroup ideal E, combining Properties E0 and E1, it follows
that there exists a unique m = mE = min(E).
On the other side, one has that if β, β′ ∈ E are such that β + Nr ⊂ E
and β′ + Nr ⊂ E, then min(β, β′) + Nr ⊂ E. This guarantees that there
is a unique least element γ ∈ E with the property that γ + Nr ⊂ E. This
element is called the conductor of E and denoted by c(E). In particular,
when E = E(I) for a fractional ideal I, then we write c(I) for c(E).
For a good semigroup ideal E, we will use the following notation:
f(E) = c(E)− e, where e = (1, . . . , 1),
which is called the Frobenius vector of E. For J ⊂ I, we define eJ the
vector such that pr{i}(eJ) = 1 if i ∈ J and pr{i}(eJ) = 0 if i 6∈ J and define
ei = e{i}. If E = E(I), we write f(I) intead of f(E).
Since completion and value sets of fractional ideals are compatible (cf.
[3, §1] or [8, Theorem 3.19]), we may assume that R is complete with respect
to the M-adic topology. In this case, the number r of discrete valuation rings
of Q over R coincides with the number of minimal primes of R.
A fundamental notion in our context, which we define below, is that of
a fiber of an element α = (α1, . . . , αr) ∈ E ⊂ Zr with respect to a subset
J = {j1 < · · · < js} ⊂ I. We define prJ(α) = (αj1 , . . . , αjs).
Given E ⊂ Zr, α ∈ Zr and ∅ 6= J ⊂ I, we define:
FJ(E,α) = {β ∈ E; prJ(β) = prJ(α) and βi > αi,∀i ∈ I \ J},
F J(E,α) = {β ∈ E; prJ(β) = prJ(α), and βi ≥ αi, ∀i ∈ I \ J},
F (E,α) =
⋃r
i=1 Fi(E,α), where Fi(E,α) = F{i}(E,α).
The last set, above, will be called the fiber of α. Notice that FI(E,α) =
{α}, if and only if α ∈ E, otherwise FI(E,α) = ∅.
The importance of this notion may be seen, for example, by the following
result (cf. [3]): Up to a multiplicative unit in R˜, there is a unique canonical
ideal ω0 such that R ⊂ ω0 ⊂ R˜ and E(ω0) = E0, where
E0 = {α ∈ Zr; F (E(R), f(R)− α) = ∅}. (2)
Notice that f(ω0) = f(R) (cf. [8, Lemma 5.10]).
Since any canonical ideal ω of R is a multiple of ω0 by a unit u in Q,
then E(ω) is a translation of E(ω0) by v(u) = f(ω)− f(R). This leeds to the
following:
E(ω) = {α ∈ Zr; F (E(R), f(ω)− α) = ∅}.
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A property related to the fibers of the frobenius of a good semigroup
ideal E is that (cf. [8, Lemma 4.1.10 ]):
F (E, f(E)) = ∅. (3)
We will use later the following remark that follows readily from the
definitions of fibers.
Remark 1. If E ⊂ Zr, α ∈ Zr, J ⊂ I and Jc = I \ J , then one has
FJ(E,α) =
⋂
i∈J
F i(E,α+ eJc)
In particular, for J = {i} one has that
Fi(E,α) = F i(E,α+ e− ei).
Another fundamental notion is that of maximal points of good semigroup
ideals.
Let E ⊂ Zr and α ∈ E. We will say that α is a maximal point of E if
F (E,α) = ∅.
This means that there is no element in E with one coordinate equal to
the corresponding coordinate of α and the other ones bigger.
When E is a good semigroup ideal, since it has a minimum mE and a
conductor γ = c(E), one has immediately that all maximal elements of E
are in the limited region
{(x1, . . . , xr) ∈ Zr; mE ≤ xi < γi, i = 1, . . . , r}.
This implies that E has finitely many maximal points.
Next, we will describe some special types of maximal points that may
occur in a good semigroup ideal E. For α ∈ E, let
p(E,α) = max{n;FJ(E,α) = ∅,∀J ⊂ I,#J ≤ n}, and
q(E,α) = min{n;FJ(E,α) 6= ∅,∀J ⊂ I,#J ≥ n}.
Notice that p(E,α) < q(E,α), and that α ∈ E if and only if q(E,α) ≤ r.
Also, α ∈ E is a maximal point of E if, and only if, p(E,α) ≥ 1.
Let α be a maximal point of E. We will call α an absolute maximal, if
FJ(E,α) = ∅ for every J ⊂ I, J 6= I; that is, if and only if p(E,α) = r − 1.
We will call α a relative maximal, if FJ(E,α) 6= ∅, for every J ⊂ I with
#J ≥ 2; that is, p(E,α) = 1 and q(E,α) = 2. If p = p(E,α) ≥ 1 and
q = q(E,α) ≤ r, we call α a maximal of type (p, q).
Delgado in [4, Theorem 1.5] showed that E(R) is determined recursively,
in a combinatorial sense, by its set of relative maximals. With essentially
the same proof, one may show the same for any good semigroup ideal E.
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3 Symmetry
The central results in this section will be several generalizations of results
in [5], [2], [10], [11] and [8], which establish some symmetry among E(J : I)
and E(I) mediated by E(J ) and among their maximal points.
Lemma 1. Let I and J be any fractional ideals of R, then one has
E(J : I) ⊆ {β ∈ Zr;F (E(I), f(J )− β) = ∅}.
Proof Let β ∈ E(J : I) and suppose that F (E(I), f(J ) − β) 6= ∅. Then
there exist i ∈ I and α ∈ E(I) such that αi = f(J )i−βi and αj > f(J )j−βj ,
for j 6= i, j ∈ I. From this it follows that αi+βi = f(J )i and αj+βj > f(J )j ,
for all i 6= j and since from (1) we know that α + β ∈ E(J ), we get that
α+β ∈ Fi(E(J ), f(J )), which is a contradiction, because from (3) we know
that F (E(J ), f(J )) = ∅.
Theorem 2. Let I and J be fractional regular ideals of R. The following
are equivalent:
i) J is a canonical ideal;
ii) E(J : I) = {β ∈ Zr;F (E(I), f(J )− β) = ∅}, for all I.
Proof i) ⇒ ii) Since J is a canonical ideal, from [8, Proposition 5.18] we
know that E(J ) = α0 + E(ω0), where α0 = f(J ) − f(ω0) ∈ Zr. From [8,
Theorem 5.27], for any fractional ideal I, we have
E(J : I) = E(J )− E(I)
= (α0 + E(ω
0))− E(I)
= α0 + (E(ω
0)− E(I))
= α0 + {β ∈ Zr, F (E(I), f(ω0)− β) = ∅}
= {β ∈ Zr;F (E(I), f(J )− β) = ∅},
where the fourth equality follows from [8, Lemma 5.16].
ii) ⇒ i) Suppose that E(J : I) = {β ∈ Zr;F (E(I), f(J ) − β) = ∅}, for all
fractional ideal I. In particular, for I = R we have that
E(J ) = E(J : R) = {β ∈ Zr;F (E(R), f(J )− β) = ∅}. (4)
We will show that E(J ) = α + E(ω0), for α = f(J )− f(ω0), which will
imply, by [8, Proposition 5.18 and Theorem 5.25.], that J is a canonical
ideal.
Let β ∈ E(ω0), from (2), we get
F (E(R), f(J )− (α+ β)) = F (E(R), f(ω0)− β) = ∅.
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Hence, from (4), α+ β ∈ E(J ), which yields α+ E(ω0) ⊂ E(J ).
Let now β ∈ E(J ) and write β = α+ β′, with β′ ∈ Zr. Since β ∈ E(J ),
we have
∅ = F (E(R), f(J )− β) = F (E(R), f(ω0)− β′),
hence, from (2), β′ ∈ E(ω0); and therefore E(J ) ⊂ α + E(ω0), concluding
the proof of our result.
As mentioned in the proof of the above theorem, the implication (i) ⇒
(ii) was proved in the particular case in which J = ω0 in [8, Lemma 5.16
and Theorem 5.27] (see also [11, Theorem 2.15]), while the converse is new.
This leeds to the following result:
Corollary 3. The following are equivalent:
i) E(R : I) = {β ∈ Zr; F (E(I), f(R)− β) = ∅}, for all fractional ideal I;
ii) R is Gorenstein.
Proof If one has equality for all fractional ideal I, then for I = R one has
that
E(R) = E(R : R) = {β ∈ Zr; F (E(R), f(R)− β) = ∅},
which says that E(R) is symmetric, hence R is Gorenstein (cf. [8, Proposi-
tion 5.29]). Conversely, if R is Gorenstein, then R = ω0 is a canonical ideal,
and the result follows from Theorem 2.
For α ∈ Zr and I a fractional ideal of R, we define
I(α) = {h ∈ Ireg; v(h) ≥ α}.
We denote by `(M) the length of an R-module M . We have the following
result.
Lemma 4 ([3, Proposition 2.2] or [8, Lemma 3.18]). If α ∈ Zr, then we
have
`
( I(α)
I(α+ ei)
)
=

1, if F i(E(I), α) 6= ∅,
0, otherwise,
The following theorem generalizes [2, Theorem 3.6].
Theorem 5. Let J and I be fractional ideals of R and let α, β ∈ Zr, with
α+ β = c(J ). Then
`
( I(α)
I(α+ ei)
)
+ `
(
(J : I)(β − ei)
(J : I)(β)
)
≤ 1, for every i ∈ I, (5)
with equality holding for every α, β such that α + β = c(J ) and for every
fractional ideal I if and only if J is a canonical ideal.
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Proof Since by Lemma 4 each summand in (5) is less than or equal to 1,
it is sufficient to show that they are not both equal to 1.
Suppose by reductio ad absurdum that both summands in (5) are equal
to 1. From Lemma 4, it follows that F i(E(I), α) 6= ∅ and F i(E(J : I), β −
ei) 6= ∅. Take θ in the first of the above two sets and θ′ in the second one,
then according to (1) we have θ + θ′ ∈ E(J ); even more, we have that
θ + θ′ ∈ Fi(E(J ), f(J )), because θi + θ′i = f(J )i and θj + θ′j > f(J )j for all
j 6= i, which is a contradiction, since F (E(J ), f(J )) = ∅.
Assuming that the equality holds in (5), we will show that J is a canon-
ical ideal.
Notice that, in view of Lemma 4, equality in (5) is equivalent to
F i(E(I), α) = ∅ ⇐⇒ F i(E(J : I), β − ei) 6= ∅, ∀i ∈ I. (6)
From the inclusion in Lemma 1 we know that
E(J : I) ⊂ {β ∈ Zr; F (E(I), f(J )− β) = ∅}. (7)
On the other hand, suppose that β is such that F (E(I), f(J )− β) = ∅,
hence for all i ∈ I, Fi(E(I), f(J )− β) = ∅. Then, from Remark 1, it follows
that F i(E(I), f(J ) + e − β − ei) = ∅, for all i ∈ I. Now, from (6), we get
F i(E(J : I), β) 6= ∅, for all i ∈ I, which implies that β ∈ E(J : I).
Hence, we have shown that the inclusion in (7) is an equality, therefore,
from Theorem 2, we have that J is a canonical ideal.
Let us assume conversely that J is a canonical ideal. From Theorem 2
we know that
β /∈ E(J : I) ⇔ F (E(I), f(J )− β) 6= ∅.
To conclude the proof of this part of the theorem, it is clearly enough to
show that
∀ i ∈ I, F i(E(J : I), β − ei) = ∅ =⇒ F i(E(I), α) 6= ∅.
Suppose that F i(E(J : I), β − ei) = ∅, for some i. This implies that
β − ei /∈ E(J : I), so, from Theorem 2 we get F (E(I), f(J ) − β + ei) 6= ∅.
Take now θ ∈ Fi(E(I), f(J )−β+ei), for some i ∈ I. So, θi = f(J )i−βi+1 =
c(J )i − βi = αi and θj ≥ f(J )j − βj + 1 = c(J )j − βj = αj , for all j 6= i.
So, we have that θ ∈ F i(E(I), α), hence this set is nonempty.
We have the following consequence of the above theorem.
Corollary 6. For every fractional ideal I of R and every α, β ∈ Zr, with
α+ β = c(R), one has
`
( I(α)
I(α+ ei)
)
+ `
(
(R : I)(β − ei)
(R : I)(β)
)
= 1 for every i ∈ I
if and only if R is Gorenstein.
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Let I and J be fractional ideals of R and let α ∈ Zr. Let us define
ρJ (I, α) = p(E(I), α) + q(E(J : I), f(J )− α)− 1.
The following theorem generalizes [2, Theorem 5.3]. Recall that we de-
fined Jc as being the complement in I of any subset J of I.
Theorem 7. For any fractional ideals I and J of R and for any α ∈ Zr,
we have
ρJ (I, α) ≥ r. (8)
Moreover, equality holds in (8), for every fractional ideal I of R and every
α ∈ Zr if, and only if, J is a canonical ideal.
Proof Suppose that q(E(J : I), f(J )− α) = r− n+ 1, from the definition
of q, we know that
FK(E(J : I), f(J )− α) 6= ∅, ∀K ⊂ I, #K ≥ r − n+ 1. (9)
If we take any J ⊂ I with #J ≤ n and let K = Jc ∪ {i}, where i ∈ J is
fixed, then #K ≥ r − n+ 1. Hence from (9) we get easily that
FK(E(J : I), f(J )− α+ eKc) 6= ∅.
Since eKc = e− eK = e− (eJc + ei), we get that
FK(E(J : I), c(J )− α− eJc − ei) 6= ∅.
This implies that
F i(E(J : I), c(J )− α− eJc − ei) 6= ∅,
that, from Theorem 5 and Lemma 4, implies that
F i(E(I), α+ eJc) = ∅, ∀i ∈ J,
which in view of Remark 1, implies that FJ(E(I), α) = ∅.
So, we have shown, for any J ⊂ I, with #J ≤ n, that FJ(E(I), α) = ∅.
Hence it follows that p(E(I), α) ≥ n, and consequently, ρJ (I, α) ≥ r.
Now, suppose that J is a canonical ideal. To prove equality in (8) holds,
we must show that p(E(I), α) = n. Suppose by reductio ad absurdum that
p(E(I), α) ≥ n+ 1. Then, from the definition of p, we have that
FJ(E(I), α) = ∅, ∀J ⊂ I, with #J = n+ 1,
which implies that
F i(E(I), α+ eJc) = ∅, ∀i ∈ J, with #J ≤ n+ 1, (10)
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because, otherwise, we would have for some i ∈ J that F i(E(I), α+eJc) 6= ∅.
Take θ is this last nonempty set, then θi = αi, θj ≥ αj , ∀j ∈ J and θl > αl,
∀l 6∈ J . Let J ′ be the subset of elements j ∈ J such that θj = αj , hence
θ ∈ FJ ′(E(I), α), which implies that FJ ′(E(I), α) 6= ∅, with #J ′ ≤ n + 1,
contradicting the fact that p(E(I), α) ≥ n+ 1.
For any K ⊂ I, with #K = r − n, define the set J = Kc ∪ {i}, where
i ∈ K. Since J has n+ 1 elements, it follows from (10) that
F i(E(I), α+ eJc) = ∅, ∀i ∈ J.
Since, J is a canonical ideal, from Theorem 5 and Lemma 4, it follows
that
F i(E(J : I), f(J )− α+ eKc) 6= ∅,
and since, i was any element of K, we have that
F i(E(J : I), f(J )− α+ eKc) 6= ∅, ∀K ⊂ I, #K = r − n,∀i ∈ K.
For every i ∈ K, take θi ∈ F i(E(J : I), f(J ) − α + eKc), then θii =
f(J )i−αi. θik ≥ f(J )k−αk, for k ∈ K and θij > f(J )j−αj , for j 6∈ K. If we
take θ = min{θi; i ∈ K}, it follows that θ ∈ FK(E(J : I), f(J )− α), hence
FK(E(J : I), f(J )− α) 6= ∅, ∀K ⊂ I, #K = r − n,
which contradicts the fact that q(E(J : I), f(J )−α) = r−n+1. Therefore,
we must have p(E(I), α) = n.
Now, assume that we have equality in (8). Let I be a fractional ideal of
R and let α ∈ Zr. If F i(E(I), α) = ∅, for some i ∈ I, then, from [2, Lemma
4.7], there exists β with βi = αi and βj < αj for every j 6= i, such that
F (E(I), β) = ∅. From this last condition, we get that p(E(I), β) ≥ 1, so,
from the equality in (8), we get that q(E(J : I), f(J )−β) ≤ r, which means
that f(J ) − β ∈ E(J : I). This implies that F i(E(J : I), f(J ) − β) 6= ∅.
Now, since f(J )i − βi = f(J )i − αi and f(J )j − βj > f(J )j − αj , it follows
that ∅ 6= F i(E(J : I), f(J )−β) ⊂ F i(E(J : I), f(J )−α), hence this last set
is nonempty. So, we proved that equality holds in (5), which, by Theorem
5, implies that J is a canonical ideal.
This leads immediately to the following result:
Corollary 8. The following two conditions are equivalent:
i) ρR(I, α) = r, for all fractional ideal I and all α ∈ Zr;
ii) R is Gorenstein.
The following result will generalize [4, Theorem 2.10].
Theorem 9 (Symmetry of maximals). Let I and J be fractional ideals
of R. Suppose that α ∈ E(I) and f(J )− α ∈ E(J : I). Then α is maximal
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of E(I) if and only if f(J )− α is maximal of E(J : I). Moreover, if α is a
maximal of type (p, q) = (p(E(I), α), q(E(I), α)) then f(J )− α is maximal
of type (p′, q′), where
p′ = ρJ (J : (J : I), f(J )− α) + 1− q(E(J : (J : I)), α), and
q′ = ρJ (I, α) + 1− p(E(I), α).
Proof Suppose that α is a maximal of E(I), then p(E(I), α) ≥ 1. From
Theorem 7 we have
ρJ (J : I, f(J )− α) = p(E(J : I), f(J )− α) + q(E(J : (J : I)), α)− 1 ≥ r.
Since I ⊂ J : (J : I), by the definition of the number q we have
q(E(J : (J : I)), α) ≤ q(E(I), α), for any α ∈ Zr.
Hence,
r ≤ p(E(J : I), f(J )− α) + q(E(J : (J : I)), α)− 1
≤ p(E(J : I), f(J )− α) + q(E(I), α)− 1,
so p(E(J : I), f(J )− α) ≥ 1 and, since f(J )− α ∈ E(J : I), it follows that
f(J )− α is a maximal of E(J : I).
The proof of the converse of this statement is completely analogous.
Furthermore, since p′ = p(E(J : I), f(J )− α), we have
p′ = p(E(J : I), f(J )−α) = ρJ (J : (J : I), f(J )−α)+1−q(E(J : (J : I)), α);
and since, for α ∈ E(I), we have
ρJ (I, α) = p(E(I), α) + q(E(J : I), f(J )− α)− 1,
then
q′ = q(E(J : I), f(J )− α) = ρJ (I, α) + 1− p(E(I), α).
If J is a canonical ideal, do not have to assume that both α ∈ E(I) and
f(J )− α ∈ E(J : I), since in this case,
α is maximal of E(I) ⇐⇒ f(J )− α is maximal of E(J : I).
Also, J : (J : I) = I and ρJ (I, α) = r. Taking this into account, we get
the following result:
Corollary 10. Suppose that J is a canonical ideal, then one has that α is
maximal of E(I) if, and only if, f(J )−α is maximal of E(J : I). Moreover,
α is a maximal of type (p, q) if and only if f(J ) − α is a maximal of type
(r + 1− q, r + 1− p).
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